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HORIZONTAL SUBMANIFOLDS OF GROUPS OF HEISENBERG TYPE
A. KAPLAN, F. LEVSTEIN, L. SAAL AND A. TIRABOSCHI
Abstrat. We study maximal horizontal subgroups of Carnot groups of Heisenberg type. We
lassify those of dimension half of that of the anonial distribution (lagrangians) and illustrate
some notable ones of small dimension. An innitesimal lassiation of the arbitrary maximal
horizontal submanifolds follows as a onsequene.
1. Introdution
A general Carnot manifold is, by denition, endowed with a braket-generating distribution. A
horizontal submanifold is one whose tangent spaes lie in the distribution.
Beause the distribution is outvolutive, horizontal submanifolds of large dimension are rare.
At the same time, when one exists, there may be a ontinuum of others through eah point, even
sharing tangent and higher jet spaes there. Maximal ones are most natural to study on general
grounds and appear in Geometri Control Theory as jet spaes of maps, or limits of minimal
submanifolds, for example. The goal of this artile is to desribe a representative lass of maximal
horizontal submanifolds in a representative lass of Carnot manifolds.
Carnot groups are representative of Carnot manifolds in a strit sense, the latter arrying
anonial sheaves of the former. In suh a group, its Lie subgroups form a representative lass
of submanifolds, and we will prove that any horizontal submanifold is osulated everywhere by
translates of horizontal subgroups. In partiular, the possible dimensions are the same.
Let N be a Carnot group (N is for nilpotent). In terms of the intrinsi grading of the Lie
algebra
n = Lie(N) = n1 ⊕ ...⊕ ns,
a horizontal subgroup is of the form exp(u), where u ⊂ n1 is a subspae satisfying [u, u] = 0. One
is so lead to desribe the maximal abelian subalgebras ontained in the generating subspae n1.
But not muh else an be said in general, beause there are just too many Carnot groups, even
2-step ones.
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A natural sublass to study is that of groups of Heisenberg type. Their role in subriemannian
geometry has been ompared to that of eulidean spaes, or of symmetri spaes, in riemannian
geometry and the analysis of ellipti operators [CGN1℄. In pratie, they remain the only Carnot
groups where basi onvexity questions an be answered at all, or abundant domains t for the
Dirihlet problem for its sublaplaian an be atually onstruted [CGN1℄ [CGN2℄ [Ka1℄. In any
ase, they are an obvious starting point. The fat that they have been a soure of unexpeted
examples in ordinary riemannian geometry and analysis gives additional support for the hoie
[Ka2℄[L℄[DR℄[GV℄[DGGW℄[GW℄[Sz1℄[Sz2℄
Let then N be of Heisenberg type and use the standard notation for the grading of n:
n1 = v, n2 = z = center(n)
as well as for the dimensions
n = dim v, m = dim z.
For emphasis, the intrinsi distribution on N has dimension n and odimension m (there will be
no spei notation for the dimension of N itself, to avoid onfusion).
We nd that the dimension of a maximal horizontal subspae of v and, therefore, that of any
maximal horizontal submanifold of N , must be among the numbers
n
2
,
n
3
, ... ,
n
m+ 1
,
so the set Hor(N) of maximal horizontal subgroups an have at most m strata. In the ordinary
Heisenberg groups, m = 1, n = 2k, and all the maximal horizontal subgroups are k-dimensional
(planes). These are the Lagrangian subspaes (maximal isotropi) of the obvious sympleti
forms dened by the braket, whih justies muh of the terminology used here.
In this paper we rst desribe Hor(N) in some notable examples, enough to illustrate generi
features, like non-trivial stratiations, as well as peuliar ones, like 8-dimensional distributions
with no horizontal submanifolds of dimension > 1. In the seond part we fully desribe the rst
stratum,
Lag(N) = {U ∈ Hor(N) : dimU =
n
2
}
This is a real-analyti variety, whih is sometimes empty, sometimes it is a Lie group, and al-
ways is a nite union of orbits of the analogous sympleti group Auto(n), onsisting of the
automorphisms of n that x the entral elements.
To be more spei and as we reall in the rst setion, we an pik
z = Rm
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for any m ≥ 1, and let v be any nite-dimensional module over the Cliord algebra C(m). This
will be of the form
v = (vm)
p
if m 6= 3 modulo 4, or
v = (v+m)
p+ ⊕ (v−m)
p−
otherwise, where vm, v
±
m, are irreduible (the real spinor spaes). Hene, n is determined by the
integers m,n, or m, p+, p−. The following is a table showing the values that yield a non-empty
Lag(N), together with their struture under Auto(n).
m (mod 8) p or (p+, p−) ♯ orbits Lag(G)
0 any p p+ 1
⋃
r O(p)/O(r)×O(p− r)
1 any p 1 U(p)/O(p)
2 any p 1 U(p,H)/U(p)
3 any (p, p) 1 U(p,H)
4 any p p+ 1
⋃
r U(p,H)/U(r,H) × U(p − r,H)
5 p even 1 U(p)/U(p/2,H)
6 p even 1 O(p)/O(p/2) ×O(p/2)
7 any (p, p) 1 O(p)
Table 1. The variety of Lagrangians subspaes
In the last setion we give expliit desriptions of Lag(N) in terms of Plüker oordinates.
Aknowledgement: We thank L. Capogna and N. Garofalo for their advise and W. Dal Lago
for his hospitality and patiene.
2. Lie algebras of Heisenberg type
Let V be an R-vetor spae and let B : V × V → R be a non-degenerate symmetri bilinear
form. Reall that a Cliord algebra assoiated to (V,B) is a a pair (C(V,B), θ), where C(V,B)
is an R-algebra, θ : V → C(V,B) is a linear funtion suh that θ(x)2 = B(x, x)1 for eah x ∈ V
and (C(V,B), θ) satises the following universal property: if (A,µ) is a pair suh that A is an
R-algebra and µ : V → A is linear and satises µ(x)2 = B(x, x)1, then there exists an algebra
morphism µ′ : C(V,B)→ A suh that µ′θ = µ and µ′ is unique with respet to this property.
The Cliord algebra (C(V,B), θ) exists for every (V,B) and an be obtained as a quotient of
the tensor algebra T (V ) by the ideal generated by x ⊗ x − B(x, x)1. Moreover, (C(V,B), θ) is
unique modulo isomorphism of R-algebras and V is naturally embedded in C(V,B).
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Let C(m) denote C(Rm,−〈x, y〉), where 〈 , 〉 is the standard inner produt on Rm. Every
module over the algebra C(m) is unitary and is the diret sum of irreduibles modules. Up to
isomorphism, there is preisely one irreduible module vm over C(m) for m 6≡ 3 (mod 4), and two,
v+m, v
−
m, for m ≡ 3 (mod 4) [Hu℄[BtD℄.
If v is a C(m)-module with ompatible inner produt (u, v), we put a Lie algebra struture on
n = v⊕ Rm
by delaring R
m
to be the enter and dening
[ , ] : v ∧ v→ Rm
by
〈z, [u, v]〉 = (Jzu, v)
where Jz denotes the Cliord ation. This satises J
2
z = −〈z, z〉Iz , hene [u, v] is indeed skew-
symmetri; Jaobi's identity is trivially satised.
A Lie algebra of Heisenberg type with enter z = Rm is then of the form
n = (vm)
p ⊕ z,
for m 6≡ 3 (mod 4) or
n = (v+m)
p+ ⊕ (v−m)
p− ⊕ z
for m ≡ 3 (mod 4). These are mutually non-isomorphi exept that (p+, p−) and (p−, p+) give
isomorphi Lie algebras. One says that n is irreduible if the orresponding Cliord module is
irreduible.
The struture of C(m) as assoiative algebra and the dimension of its irreduible representations
v are listed in the table below. Let R, C and H denote the real, omplex and quaternioni numbers,
and Rk, Ck, Hk the algebra of matries of order k with oeients in R, C, H, respetively.
Let C+(m) denote the even Cliord algebra, generated by the elements of even order zz′, and
z1, . . . , zm an orthonormal basis of z = R
m
. Then the map
(2.1) zj 7→ zjzm, for 1 ≤ j ≤ m, and zm 7→ zm
extends to an automorphism of C(m), whih takes C(m− 1) onto C+(m).
The element
Km = Jz1 . . . Jzm
ommutes with C+(m) and, when m is odd, with all of C(m), and
 If m ≡ 1, 2 (mod 4), K2m = −1 and K
t
m = −Km.
 If m ≡ 0, 3 (mod 4), K2m = 1 and K
t
m = Km.
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m (mod 8) 0 1 2 3
C(m) R2k C2k H2k−1 H2k−1 ⊗H2k−1
dimR v 2
k 2k+1 2k+1 2k+1
m (mod 8) 4 5 6 7
C(m) H2k−1 C2k R2k R2k ⊕ R2k
dimR v 2
k+1 2k+1 2k 2k
Table 2. C(m) and the dimension of irreduible representations. Here, m = 2k if
m is even, m = 2k + 1 otherwise
 If m ≡ 3 (mod 4), Km ats on an irreduible module as ±Id. In the last ase we denote by
v±m the eigenspae of Km of eigenvalue ±1.
Let Aut(n) be the group of Lie algebra automorphisms of n, Auto(n) the subgroup of elements
ating trivially in the enter. Let EndC+(m)(v) denote the algebra of linear maps on v whih
ommute with the ation of C+(m). Then [S℄
(2.2) Auto(n) = {ξ ∈ EndC+(m)(v) : ξ
tJzξ = Jz, for some z ∈ z, z 6= 0}.
The algebras with m = 1, 2, 3, 4, 7, 8 an be desribed in terms of the lassial real division
algebras R,C,H,O, as follows. Let F denote one of these and onsider Fk as a real vetor spae.
To obtain those with m = 1, 2, 4, 8, take z = F and v = Fp×Fp. Then the braket [ , ] : v×v→ z
is
(2.3) [(x,y), (x′,y′)] =
p∑
j=1
xjy
′
j − x
′
jyj
and the Cliord ation is
(2.4) Jz(x,y) = (−zy,xz), (z ∈ F, x,y ∈ F
p).
To obtain those with m = 1, 3, 7, take F = C,H,O, respetively, let z = ℑ(F) and v = Fp × Fq.
Then the braket [ , ] : v× v→ z is
(2.5) [(x,y), (x′,y′)] = −ℑ(
p∑
j=1
xjx′j +
q∑
k=1
y′kyk).
and the Cliord ation is
(2.6) Jz(x,y) = (zx,yz), (z ∈ ℑ(F), x ∈ F
p, y ∈ Fq).
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Finally, note that
(2.7) 〈(x,y), (x′ ,y′)〉 = ℜ(
k∑
j=1
xjx′j).
is the natural inner produt in F
k
.
3. Horizontal submanifolds and subgroups
Proposition 3.1. Let S →֒ G be a horizontal submanifold of a Carnot group G and g ∈ S. Then
there exist a unique Lie subgroup H ⊂ G suh that Tg(S) = Tg(gH). The subgroup H is horizontal
and abelian.
Proof. Sine the distribution v is left-invariant, it is enough to assume that S passes through the
identity e and that g = e. Let h ⊂ g be the subspae spanned by the left-invariant vetor elds
whose value at e is tangent to S. Let X,Y ∈ h and extend Xe, Ye to vetor elds X˜, Y˜ , in a
neighborhood of e, so that they are tangent to S along S. Therefore [X˜, Y˜ ] will also have this
property; in fat, it may be assumed that [X˜, Y˜ ] = 0 along S. Assuming also that X,Y are linearly
independent, omplete them to a basis X1 = X, X2 = Y , X3, ... , of g1. Let {Tαj} be a basis of
gα for α ≥ 2 and write
X˜ =
∑
i
fiXi +
∑
α,j
φαjT
αj, Y˜ =
∑
i
giXi +
∑
α,j
ψαjTαj
with smooth oeients. Now ompute
0 = [X˜, Y˜ ] =
∑
i<j
(figj − fjgi)[Xi,Xj ] +
∑
α,j
((X˜ψαj)− (Y˜ φαj))Tαj +
∑
α,β,j,k
φαjψβk[Tαj , Tβk]
By horizontality, the funtions φαj and ψβk are onstantly equal to zero on S. Sine X˜ and Y˜ are
tangent to S, the seond and third sums vanish on S and, therefore,
0 =
∑
i<j
(fi(s)gj(s)− fj(s)gi(s))[Xi,Xj ](s)
for s ∈ S. Evaluating at s = e and realling that f1(e) = 1, fi(e) = 0 ∀i 6= 1, g2(e) = 1,
gi(e) = 0 ∀i 6= 2, we obtain [X,Y ](e) = 0. By left-invariane, [X,Y ] = 0. We onlude that h is
an abelian subalgebra, ontained in v. Taking H = exp(h), the assertion follows.

Proposition 3.2. The maximal abelian subgroups of a 2-step Carnot group G are those of the
form U · Z(G), where U is a maximal horizontal subgroup and Z(G) is the enter of G.
Proof. A maximal abelian subalgebra, as well as the enter, are automatially graded. 
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Proposition 3.3. Let n the dimension of the anonial distribution v and m its odimension.
Then the dimension of any maximal horizontal submanifold of G must be among the numbers
n/2, n/3, ..., n/(m + 1).
Proof. By Proposition 3.1, it is enough to prove the assertion for a maximal horizontal subgroup,
of the form H = exp(h) with [h, h] = 0. In terms of the operators Jz, the ommutativity is
expressed by (Jzh, h) = 0, i.e., Jzh ⊂ h
⊥
. Conversely, let v ∈ h⊥. Then 0 = (v, JZh) = (z, [v, h])
∀z and, therefore, [v, h] = 0. Sine h is maximal horizontal, v ∈ h. Consequently, a subspae h ⊂ v
is maximal abelian if and only if
Jz(h) = h
⊥
or, equivalently,
v = h⊕ (
∑
Jzi(h)).
It follows that 2h ≤ n ≤ h+mh = h(m+ 1), so that
n/(m+ 1) ≤ h ≤ n/2

Sine n ≥ 2
m−1
2 , Proposition 3.3 is quite restritive and shows that for large m, the possible
dimensions are all lose to largest possible one. The two extreme ases orrespond, respetively,
to
n/2 : h⊥ = Jz(h)
for all z 6= 0, and
n/(m+ 1) : h⊥ = ⊕mi=1Jzi(h)
for a basis of z.
We next illustrate some possibilities that an our. First, onsider the lowest-dimensional
Heisenberg groups assoiated to the division algebras as desribed at the end of last setion. Then
Lie(NC) = C⊕ℑ(C), Lie(NH) = H⊕ℑ(H), Lie(NO) = O⊕ℑ(O).
These are the only groups of Heisenberg type satisfying n = m + 1. Indeed, if {zi} is a basis of
z and v ∈ v is non-zero, v, Jz1v, ..., Jzmv, is a basis of v suh that [v, Jziv] = zi. Therefore Rv
is maximal abelian in v. A similar argument shows that they are the only irreduible groups of
Heisenberg type for whih the dimension n/(m+ 1) is atually realized.
We onlude that the horizontal submanifolds of these groups are all one-dimensional. The
varieties of maximal horizontal subgroups are
Hor(NC) = Lag(NC) ≃ S
1
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Hor(NH) ≃ RP
3, Lag(NH) = ∅
Hor(NO) ≃ RP
7, Lag(NO) = ∅
Finally, onsider the ase m = 8 and n irreduible:
n = v8 ⊕ R
8 = (O×O)⊕O.
Here n = 16 and, therefore, the dimensions allowed by Proposition 3.3 are 2, 4 and 8. In the next
setion we will see that there are only two lagrangians
Lag(n) = {w+,w−}.
Here we will see that there is none of dimension four and a 32-parameter family of two-dimensional
ones; at the end,
Hor(n) ∼=
(
GrR(2, 8) × RP
7 ×R+
)
∪ {w+,w−}.
When the parameter t ∈ R+ goes to 0 or ∞, the limits of the orresponding 2-dimensional
subspaes lie, respetively, in w+ and w−, so the terms in parenthesis dene a natural stratiation
of Hor(n).
Deompose v8 = w+ ⊕ w− as C
+(8)-module. Let w ∈ v, w = v + u with v ∈ w+, u ∈ w−. It
easy to see that there exists z ∈ z suh that w = v + Jzv.
Lemma 3.4. Let 0 6= v ∈ w+ and 0 6= z =∈ z.
(1) The entralizer of v + Jzv is Jz(v + J
−1
z v).
(2) Let u, u′ ∈ z suh that u, u′, z are linear independent, then Ju(v+J
−1
z v) and Ju′(v+J
−1
z v)
do not ommute.
Proof. Dene z′ = z/〈z, z〉 and t = 〈z, z〉, thus Jz = tJz′ and J
−1
z = −t
−1Jz′ .
(1) It is lear that v + Jzv and Jz(v + J
−1
z v) = Jzv + v ommute. Now let u ∈ z
⊥
and u′′ ∈ z.
Then
〈u′′, [v + Jzv, Ju(v + J
−1
z v)]〉 = 〈u
′′, [v, Juv]〉+ 〈u
′′, [tJz′v, Ju(−t
−1)J−1z′ v] =〉
= 〈u′′, [v, Juv]〉 − 〈u
′′, [Jz′v, JuJ
−1
z′ v]〉
= 〈Ju′′v, Juv〉 − 〈Ju′′Jz′v, JuJz′v〉
= 〈Ju′′v, Juv〉 − 〈Ju′′v, Juv〉 = 0.
Thus, the entralizer of v+ Jzv ontains Jz(v+ J
−1
z v). Reall that ad(u) : v8 → z is surjetive for
all 0 6= u ∈ v8. Therefore, dim(Ker ad(v + Jzv)) = 8, thus the entralizer of v + Jzv is equal to
Jz(v + J
−1
z v).
HORIZONTAL SUBMANIFOLDS OF GROUPS OF HEISENBERG TYPE 9
(2) We an onsider u, u′, z mutually orthogonally and 〈u, u〉 = 〈u′, u′〉 = 1. Let u′′ ∈
spanR{u, u
′, z}⊥, then
〈u′′, [Ju(v + J
−1
z v), Ju′(v + J
−1
z v)]〉 = 〈u
′′, [Juv, Ju′J
−1
z v]〉+ 〈u
′′, [JuJ
−1
z v,= Ju′v]〉
= −t〈Ju′′Juv, Ju′Jz′v〉 − t〈Ju′′JuJz′v, Ju′v =〉
= −t〈Ju′′v, JuJu′Jz′v〉 − t〈Ju′′v, Jz′JuJu′v =〉
= −2t〈Ju′′v, Jz′JuJu′v〉.
Thus, if we suppose that Ju(v+J
−1
z v) and Ju′(v+J
−1
z v) ommute we have 〈Ju′′v, Jz′JuJu′v〉 = 0.
Sine, we also have that 〈Jwv, Jz′JuJu′v〉 = 0 for all w ∈ spanR{u, u
′, z}. Then, Jz′JuJu′v = 0, a
ontradition. This proves the Lemma. 
The lemma implies that the 2-planes spanned by pairs u + Jzv, v + Jzu, are all abelian and
maximal with this property. To prove that these are all those of dimension < 8, let u ∈ v and
write u = (x, y) with respet to the deomposition v = w+⊕w−. Let L and L1 maximal isotropi
subspaes of v of dimension 2. L (L1 respetively) has a basis (x, y), (x
′, y′) (resp. (x1, y1), (x
′
1, y
′
1))
suh that x ⊥ x′ (resp. x1 ⊥ x
′
1) and 0 = [(x, y), (x
′, y′)] = xy′ − x′y (resp. 0 = x1y
′
1 − x
′
1y1). If
L = L1, there must be a, b, c, d ∈ R suh that
x1 = ax+ bx
′, y1 = ay + by
′
(3.1)
x′1 = cx+ dx
′, y′1 = cy + dy
′.(3.2)
Beause of x1 ⊥ x
′
1, it follows
(
a c
b d
)
∈ O(2). Conversely, if
(
a c
b d
)
∈ O(2) and x1, x
′
1, y1, y
′
1
are dened as in formulas (3.1) and (3.2), then (x1, y1), (x
′
1, y
′
1) is a basis of L suh that x1, x
′
1 is
an orthonormal set. Thus, every maximal isotropi subspae other than the w±, is determined by
a 2 dimensional subspae of R
8
(generated by x, x′) and a non-zero y ∈ R8.
4. Generalities on Lagrangians
Let N be a group of Heisenberg type with Lie algebra n = v⊕ z. The maximal horizontal sub-
manifolds of dimension dim v/2 are alled Lagrangians. Via the exponential map, they orrespond
to [ , ]-isotropi subspaes of v of half the dimension, whih will also be alled Lagrangians. They
form a losed real-analyti variety, whih we denote by Lag(N), Lag(n), or even Lag(v). In this
setion we desribe three general properties needed later: the relation with C+(m)-submodules,
the appearane of the periodiity modulo 8 and the natural ation of Aut(n) on Lag(n).
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Proposition 4.1. Let L ∈ Lag(v). Then L⊥ ∈ Lag(v), v = L ⊕ L⊥ and Jz(L) = L
⊥
for all
non-zero z ∈ z.
Proof. For z ∈ z and x, y ∈ L, 〈Jzx, y〉 = 〈z, [x, y]〉 = 0. Thus Jz(L) = L
⊥
for any z ∈ z. The
other results follow easily. 
It follows that double produts JzJw preserves L, hene
Corollary 4.2. Any Lagrangian L is a C+(m)-module.
Sometimes, to stress the dimension m of the enter z, it will be useful to denote it by zm, so
that zm = R
m
and zm × zr = R
m+r
.
Proposition 4.3. Let vr be a C(r)-module and let vm be a C(m)-module with m ≡ 0 (mod 4).
Then vm ⊗ vr is a C(m+ r)-module, with Cliord ation
J(z,w) := Jz ⊗ Id+Km ⊗ Jw,
(z, w) ∈ zm × zr. The orresponding algebra of Heisenberg type is
(vm ⊗ vr)⊕ (zm × zr)
with braket
(4.1) [x⊗ u, y ⊗ v] = (〈u, v〉[x, y], 〈Kmx, y〉[u, v]),
x, y ∈ vm, u, v ∈ vr.
Proof. (4.1) is heked by taking inner produt with z ∈ zm × zr on both sides of the equation.
The rest of the assertions follow easily. 
Corollary 4.4. If vr is an irreduible C(r)-module, then v8⊗vr is an irreduible C(8+r)-module.
Indeed, (v8)
⊗s ⊗ vr is an irreduible C(8s + r)-module and
K8s+r = (K
r+1
8 )
⊗s ⊗Kr.
Proof. The dimension of v8 ⊗ vr is 16× dim(vr) and we onlude the result from Table 2. 
We an now see how the periodiity modulo 8 typial of Cliord modules is reeted on these
Lagrangians.
Theorem 4.5. If Lr ∈ Lag(vr) and L8 ∈ Lag(v8), then
L8 ⊗ Lr + L8
⊥ ⊗ L⊥r ∈ Lag(v8 ⊗ vr).
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Proof. L⊥ is Lagrangian from Proposition 4.1. If (x, u), (y, v) ∈ L′ ⊗ L, then [x ⊗ u, y ⊗ v] =
[x, y]〈u,w〉+〈K8x, y〉[u, v] = 0, beause of L and L
′
are Lagrangians. As L′⊥ and L⊥ are isotropi,
we have [x⊗ u, y ⊗ v] = 0 for (x, u), (y, v) ∈ L′⊥ ⊗ L⊥.
Now, let (x, u) ∈ L′ ⊗ L and (y, v) ∈ L′⊥ ⊗ L⊥. By Corollary 4.2 we have that L′ is a C+(8)-
module, so K8x ∈ L
′
, then [x⊗ u, y ⊗ v] = [x, y]〈u,w〉 + 〈K8x, y〉[u, v] = 0. 
Reall Auto(n), the group of orthogonal automorphisms of n that at trivially on z. Then,
Theorem 4.6. If m 6≡ 0 (mod 4), Auto(n) ats transitively on Lag(n). If m ≡ 0 (mod 4) and
n = (vm)
p ⊕ z, then Lag(n) is the union of p+ 1 orbits of Auto(n).
Proof. Let L,L′ ∈ Lag(n). By Corollary 4.2, L and L′ are C+(m)-modules of the same dimension.
If m 6≡ 0 (mod 4), there must be an isomorphism ψ : L → L′ intertwining the ation of C+(m).
Moreover, ψ may be taken orthogonal with respet to the inner produt on v. Indeed as ψ is
non singular and ψ∗ is also in EndC+(m)(v
p
m) we have that ξ = (ψψ∗)−1/2ψ ∈ EndC+(m)(v
p
m) is
orthogonal and ξL = L′. Sine v = L ⊕ Jm(L) = L
′ ⊕ Jm(L
′) we an extend ψ to all of v by
ψ(Jm(u)) = Jm(ψ(u)) for all u ∈ L. Sine ψ is orthogonal by onstrution and ψJi = Jiψ for all
i = 1, . . . ,m, ψ is automorphism.
If, instead, m ≡ 0 (mod 4), L and L′ are isomorphi as C+(m)-modules if and only if the
multipliity of v+m is the same in both. Notie also that if ψ is an orthogonal automorphism of n,
ψ :L → L′ is a C+(m)-module isomorphism. The rest of the proof follows as in the previous ase,
to onlude that there are exatly p+ 1 isomorphism lases. 
The following theorem essentially solves our problem for n irreduible as algebra of Heisenberg
type.
Theorem 4.7. If v is an irreduible C(m)-module, then every proper C+(m)-submodule of v is
Lagrangian.
Proof. Let z1, . . . , zm be an orthonormal basis of zm and denote K = Jz1 . . . Jzm
For m ≡ 3, 5, 6, 7 (mod 8) we see, by dimension, that there are no proper C+(m)-modules (see
Table 2).
For m ≡ 0, 4 (mod 8), K is symmetri and K2 = 1, and by Table 2 the only proper C+(m)-
modules are irreduible. In fat, they are the K-eigenspaes v± with eigenvalues ±1. Sine
JziK = −KJzi , Jziv± = v∓. Let u, v ∈ v+. Then [u, v] = 0 if and only if 〈zi, [u, v]〉 = 0
(i = 1, . . . ,m). Now, 〈zi, [u, v]〉 = 〈Jziu, v〉 = 0 beause 〈v+, v−〉 = 0. So, v+ is Lagrangian. In
analogous way we obtain that v− is Lagrangian as well.
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The ases m ≡ 1, 2 (mod 8) are a bit more involved. We will nd and x a Lagrangian L that,
by Corollary 4.2 will neessarily be a C+(m)-module. We will ompute the spae EndC+(m)(v)
of intertwining operators for the C+(m)-ation on v and prove that φ(L) is isotropi for all φ ∈
EndC+(m)(v).
For m = 1 any one dimensional subspae an be taken as our xed Lagrangian. For m = 2, we
an take v = H, z2 = spanR{i, j} and the Cliord ation given by left multipliation and inner
produt 〈u, v〉 = uv. It is easy to see that L = spanR{i, j} is a Lagrangian in v. Furthermore, if
φ : H→ H is an intertwining operator and φ(1) = q, then φ = Rq is right multipliation by q. It
follows that φ(L) is Lagrangian. Let us hoose φ = Rq with q
2 = −1, so that φ is skew-symmetri.
When m ≡ 1, 2 (mod 8) there is only one irreduible C(m)-module vm up to equivalene. If
m = r + 8, then vm = v8 ⊗ vr, by Corollary 4.4. Let O± be the vetor subspae of v8 of
eigenvetors of K8 with eigenvalues ±1. O± are C
+(8)-modules sine K8 ommute with C
+(8).
If Lr ∈ Lag(vr), then L = O+ ⊗ Lr ⊕O− ⊗ L
⊥
r ∈ Lag(vm) and vm = L ⊕ L
⊥
. The existene of a
Lagrangian for any dimension follows now by indution. We x suh L and we will see that φ(L)
is isotropi for all φ ∈ EndC+(vm).
In the ase m ≡ 1 (mod 8), we rst prove that
EndC+(vm) =
{(
a IdL cK|L⊥
bK|L d IdL⊥
)
: a, b, c, d ∈ R
}
,
where the ation of the matrix is with respet to the deomposition vm = L ⊕ L
⊥
. Now, K :
L → L⊥ is an intertwining operator for the ation of C+(m). Thus, the result follows by Shur's
Lemma and the fat that L and L⊥ are real irreduible C+(m)-modules (see Table 2). Therefore
any proper C+(m)-module is of the form
L′ = {ax+ bKx : x ∈ L}.
Suh L′ is isotropi: [ax+ bKx, ay + bKy] = ab([x,Ky] + [Kx, y]), but for all z ∈ Rm
〈z, [x,Ky] + [Kx, y]〉 = 〈Jzx,Ky〉+ 〈JzKx, y〉 = 〈−KJzx, y〉+ 〈JzKx, y〉 = 0
sine KJz = JzK for all z ∈ R
m
.
In the ase m ≡ 2 (mod 8), we have K2 = −1. Sine m is even and L and L⊥ are C+(m)-
modules, L must be K-invariant. Thus, K gives omplex strutures on L and L⊥. By Shur's
Lemma, the intertwining operators of L and L⊥ are of the form a+bK, with a, b ∈ R. Now, we look
for φm an C(m)-intertwining operator of vm that sends L to L
⊥
. Sine L = O+⊗Lr ⊕O−⊗L
⊥
r ,
φm an be dened reursively as
(4.2) φ2 = Rq, and φm = Id⊗ φr
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for m = 8 + r and r ≡ 2 (mod 8). Sine φ2 is skew-symmetri, φm is so too.
With φ = φm we have
EndC+(v) =
{(
a+ bK (c+ dK)φ|L⊥
(a′ + b′K)φ|L c
′ + d′K
)
: a, b, c, d, a′, b′, c′, d′ ∈ R
}
with respet to the deomposition vm = L ⊕ L
⊥
. Reall that KJi = −JiK (i = 1, . . . ,m) and
Kt = −K. Let W = {ux : ux = (a+ bK)x+ (a
′ + b′K)φx, x ∈ L}, then
[ux, uy] = [(a+ bK)x, (a
′ + b′K)φy] + [(a′ + b′K)φx, (a+ bK)y].
For z ∈ Rm, we have
〈z, [ux, uy]〉 = 〈z, [(a + bK)x, (a
′ + b′K)φy] + [(a′ + b′K)φx, (a + bK)y]〉
= 〈Jz(a+ bK)x, (a
′ + b′K)φy〉+ 〈Jz(a
′ + b′K)φ = x, (a+ bK)y〉
= 〈(a′ − b′K)Jz(a+ bK)x, φy〉 − 〈(a− b = K)Jz(a
′ + b′K)x, φy〉
= 〈Jz(a
′ + b′K)(a+ bK)x, φy〉 − 〈Jz(a+ b = K)(a
′ + b′K)x, φy〉
= 0
where we use that φm is skew-symmetri. From the equation above we onlude that W is
isotropi. 
Corollary 4.8. If m ≡ 1 (mod 8) and m = r + 8, then every Lagrangian of vm is of the form
(O+ ⊗ L
′)⊕ (O− ⊗ L
′⊥)
where L′ is a Lagrangian of vr.
Proof. >From the proof above we know that L = {ax + bKmx : x ∈ O+ ⊗ Lr ⊕ O− ⊗ L
⊥
r }. Now
x = x+ ⊗ y + x− ⊗ y
⊥
and Km = Id⊗Kr. Then
ax+ bKmx = x+ ⊗ (a+ bKr)y + x− ⊗ (a+ bKr)y
⊥.
By the Theorem above, L′ = {(a+ bKr)y : y ∈ Lr} is a Lagrangian in vr and is easy to hek that
L′⊥ = {(a+ bKr)y
⊥ : y⊥ ∈ L⊥r }. 
5. Lag(n) expliitly
In this setion we will desribe Lag(n). We do this in terms of Plüker oordinates on the
orresponding grassmanian whenever the result is not too messy, and as orbits of automorphisms
of n, or nite unions thereof, in every ase. The notation Lag(n) ∼= A/B will always mean that
Lag(n) is an orbit of a subgroup A ∈ Auto(n) and B is the isotropy subgroup.
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Thanks to Corollary 4.2, it is enough to desribe the C+(m)-submodules of v and then determine
whih of these are totally isotropi.
We will onsider eight separate ases, orresponding to the ongruene modulo 8 of dim z, the
enter of n. Fix z1, . . . , zm an orthonormal basis of z, set Ji = Jzi and
Km = J1...Jm.
It will be onvenient to display the dimension m of the enter of n = v + z and the multipliities
of the spin representations appearing in v, as explained in setion 2:
n(p)m = (vm)
p ⊕ zm,
for m 6≡ 3 (mod 4), and
n(p+,p−)m = (v
+
m)
p+ ⊕ (v−m)
p− ⊕ zm
for m ≡ 3 (mod 4).
The ase m ≡ 1
In this ase there is only one irreduible C(m)-module vm, up to isomorphism. From the proof
of Theorem 4.7 we have vm = L⊕KL where L and KL are Lagrangian and equivalent irreduible
C+(m)-modules. If v is a C(m)-module, then
v =
p⊕
i=1
(wi ⊕Kwi),
where wi is isomorphi to L for all i. Thus, we an write
v = (Rp ⊗ L)⊕ (Rp ⊗KL) = Rp ⊗ vm.
In terms of this deomposition,
[a⊗ w, a′ ⊗ w′] = 〈a, a′〉[w,w′],
for a, a′ ∈ Rp, w,w′ ∈ vm. From Shur's Lemma and the fat that L and KL are real irreduible
C+(m)-modules, it follows that
EndC+(v) =
{(
A⊗ IdL C ⊗K|KL
B ⊗K|L D ⊗ IdKL
)
: A,B,C,D ∈Mp(R)
}
,
where the ation is with respet to the deomposition (Rp⊗L)⊕(Rp⊗KL). Therefore any proper
C+(m)-module is of the form
W = spanR{Aa⊗ u+Ba⊗Ku : a⊗ u ∈ R
p ⊗ L}.
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Lemma 5.1. (1) W is isotropi if and only if AtB −BtA = 0.
(2) W is Lagrangian if and only if it is isotropi and the 2p × p-blok matrix
(
A
B
)
has rank
equal to p
Proof. (1) Let a⊗ u, a′ ⊗ u′ ∈ Rp ⊗ L. Then
[Aa⊗ u+Ba⊗Ku,Aa′ ⊗ u′ +Ba′ ⊗Ku′] = 〈Aa,Ba′〉[u,Ku′] + 〈Ba,Aa′〉[Ku, u′]
= (〈Aa,Ba′〉 − 〈Ba,Aa′〉)[u,Ku′]
= 〈(AtB −BtA)a, a′〉[u,Ku′].
Sine L,KL ∈ Lag(n), [u,Ku′] 6= 0, for some u, u′ ∈ L. Therefore, W is isotropi if and only if
AtB −BtA = 0 and this proves (1).
(2) This follows beause dim(W) is equal to rank
(
A
B
)
dim(L). 
Proposition 5.2. Auto(n
(p)
m ) is the group of(
A⊗ IdL C ⊗K|KL
B ⊗K|L D ⊗ IdKL
)
∈ EndC+(m)(v)
suh that
(5.1) AtB −BtA = 0, CtD −DtC = 0, AtD −BtC = 1.
Thus, Auto(n
(p)
m ) ∼= Sp(p,R) (see also [S℄).
Proof. By (2.2), g ∈ Auto(n) if and only if g is in EndC+(v) and g
tJmg = Jm. We an hoose a
basis of v suh that Jm =
(
0 Id⊗K|KL
−Id⊗K|L 0
)
, thus the result follows. 
Proposition 5.3.
Lag(n(p)m )
∼= U(p)/O(p).
Proof. As a maximal ompat subgroup of Auto(n) = Sp(p,R), the group of isometri automor-
phisms A(n) is isomorphi to U(p), viewed as the set of matries
(
A⊗ IdL −B ⊗K|KL
B ⊗K|L A⊗ IdKL
)
∈
EndC+(v). By Proposition 4.6, U(p) ats transitively on Lag(n). The isotropy subgroup is the
set of matries
(
A⊗ IdL 0
0 A⊗ IdKL
)
where A is real orthogonal matrix, hene this isotropy
subgroup is isomorphi to O(p). 
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The ase m ≡ 2
In this ase there is only one irreduible C(m)-module vm, up to isomorphism. By Theorem
4.7, vm = L⊕ φmL where L is an irreduible C
+(m)-module and φm is given by (4.2). Then any
C(m)-module has a deomposition
v =
p⊕
i=1
(wi ⊕ φmwi),
where wi is isomorphi to L for all i. In this ase K is a omplex struture on v whih leaves L
invariant, we an write
v = (Cp ⊗ L)⊕ (Cp ⊗ φmL) = C
p ⊗C vm.
In terms of this deomposition,
[a⊗ w, a′ ⊗ w′] = [〈a, a′〉C w,w
′],
where a, a′ ∈ Cp, w,w′ ∈ vm and 〈a, a
′〉C =
∑
aia
′
i. Indeed, We an write a ⊗ w = (b +Kc) ⊗ w
and a′ ⊗ w′ = (b′ +Kc′)⊗ w′, where a, a′ ∈ Cp, b, b′, c, c′ ∈ Rp. Thus,
[a⊗ w, a′ ⊗ w′] = [(b+Kc)⊗ w, (b′ +Kc′)⊗w′]
= [b⊗ w, b′ ⊗w′] + [Kc⊗ w,Kc′ ⊗w′] + [b⊗ w,Kc′ ⊗ w′] + [Kc⊗ w, b′ ⊗ w′]
= [b⊗ w, b′ ⊗w′] + [c⊗Kw, c′ ⊗Kw′] + [b⊗ w, c′ ⊗Kw′] + [c⊗Kw, b′ ⊗ w′]
= [b⊗ w, b′ ⊗w′] + [c⊗K2w, c′ ⊗ w′] + [b⊗Kw, c′ ⊗ w′] + [c⊗Kw, b′ ⊗ w′]
= [(〈b, b′〉 − 〈c, c′〉)w,w′] + [(〈c, b′〉+ 〈b, c′〉)Kw,w′]
= [〈a, a′〉C w,w
′].
It follows from [S℄, Shur's Lemma and the fat that L and φmL are omplex irreduible C
+(m)-
modules, that
EndC+(v) =
{(
A⊗ IdL C ⊗ φm|φmL
B ⊗ φm|L D ⊗ IdφmL
)
: A,B,C,D ∈Mp(C)
}
,
where the ation of the matrix is with respet to the deomposition (Cp ⊗ L) ⊕ (Cp ⊗ φmL) (f.
Table 2). Therefore any proper C+(m)-module is of the form
W = spanC{Aa⊗ u+Ba⊗ φmu : a⊗ u ∈ C
p ⊗ L}.
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Now we an hek whih W are isotropi:
[Aa⊗ u+Ba⊗ φmu,Aa
′ ⊗ u′ +Ba′ ⊗ φmu
′] = [〈Aa,Ba′〉u, φmu
′] + [〈Ba,Aa′〉φmu, u
′]
= [(〈Aa,Ba′〉 − 〈Ba,Aa′〉)u, φmu
′]
= [〈(BtA−AtB)a, a′〉u, φmu
′].
Therefore, W is isotropi if and only if AtB −BtA = 0.
Proposition 5.4. Auto(n
(p)
m ) is the group of matries(
A⊗ IdL C ⊗ φm|φmL
−B ⊗ φm|L D ⊗ IdφmL
)
∈ EndC+(v)
suh that
(5.2) AtB −BtA = 0, CtD −DtC = 0, AtD −BtC = 1.
Thus, Auto(n
(p)
m ) ∼= Sp(p,C).
Proof. By (2.2), ξ ∈ Auto(n) if and only if ξ is in EndC+(v) and ξ
tJmξ = Jm. As in the proof of
Theorem 4.7, we set m = 8+ r, vm = v8⊗vr, φm = Id⊗φr and Lm = O+⊗Lr⊕O−⊗L
⊥
r , where
Lr is a Lagrangian of vr. We also have φm(Lm) = L
⊥
m = Jm(Lm). Now, we x basis v1, . . . , v8 of
O+ and w1, . . . , wt of Lr, thus vi⊗wj is a basis of O+⊗Lr. We omplete to a basis of Lm adding
(J8 ⊗ Jr)(vi ⊗wj) whih is a basis of O− ⊗L
⊥
r . Finally, applying Jm = K8 ⊗ Jr we omplete to a
basis of vm. With respet of this basis the matrix of Jm =
(
0 −Id
Id 0
)
and φm =
(
0 Mm
Nm 0
)
.
If m = 2, then v2 = H, J2 is left multipliation by j and L2 = spanR{i, j}. We an take φ2 = Rj
the right multipliation by j. In this ase M2 =
(
1 0
0 −1
)
and N2 = −M2. As φm = Id⊗ φr, an
easy reursion shows that Mm is symmetri, M
2
m = Id and Nm = −Mm, for all m ≡ 2 (mod 8).
Now, v
p
m = Cp ⊗ vm and ξ ∈ EndC+(v
p
m) an be written as
ξ =
(
A⊗ IdL C ⊗Mm
B ⊗Mm D ⊗ IdL⊥
)
, so ξ ∈ Auto(n) if and only if
(
A C
B D
)
is in Sp(p,C).

Proposition 5.5.
Lag(n(p)m )
∼= U(p,H)/U(p).
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Proof. By Proposition 4.6 the group of orthogonal automorphism, whih is U(p,H), ats transi-
tively. Reall that U(p,H) an be identied with the subgroup of Sp(p,C) given by the matries(
A −B
B A
)
. To nd the isotropy group of Lm, we have that
(
A = −B
B A
)(
Lm
= 0
)
=
(
Lm
0
)
implies B = 0 = and AtA = 1, thus A ∈ U(p). 
The ase m ≡ 3
We begin with a
Lemma 5.6. Let m = 8s+3 and let v⊗s8 = ⊗v
±
3 be the C(m)-module obtained by using repeatedly
Proposition 4.3. Then, v±m = v
⊗s
8 ⊗ v
±
3 . Moreover, let j1, j2, j3 be anonial generators of C(3), be
j′1, . . . , j
′
8 be anonial generators of C(8) and dene
J8k+t = K
⊗k
8 ⊗ j
′
t ⊗ 1
⊗(s−k), = if 0 ≤ k < s, 1 ≤ t ≤ 8;
J8s+t = K
⊗s
8 ⊗ jt, if 1 ≤ t ≤ 3;
where K8 = j
′
1 . . . j
′
8. Then, J1, . . . , Jm are generators of C(m) suh that
J2i = −1, JiJk = −JkJi, for 1 ≤ i, k ≤ m and i 6= k.
Moreover, Km = J1 . . . Jm = Id
⊗s ⊗K3.
Proof. v⊗s8 ⊗v
±
3 is irreduible and Km == Id
⊗s⊗K3 by Corollary 4.4. As Km|v±m = ±Id, we have
v±m = v
⊗s
8 ⊗ v
±
3 . The relations on the Ji's follow by straightforward omputation.

Proposition 5.7. If Lag(n
(p+,p−)
m ) 6= ∅, then p+ = p−.
Proof. The trae of the operator Km on v is tr(Km) = (p+−p−) dim v
+
m. We will prove that there
exists a Lagrangian L if and only if tr(Km) = 0. Suppose that L is a Lagrangian, then L
⊥ = Ji(L)
is also a Lagrangian and v = L⊕L⊥. Sine Km is an odd produt of Ji's, Km sends L to L
⊥
and
L⊥ to L, thus tr(Km) = 0, so p+ = p−. 
We will see later that the onverse also holds. From now on, we onsider only the ase p+ = p−.
Next we will desribe the intertwining operators between (v±m)
p
and (v±m)
p
as C+(m)-modules.
Using the expliit onstrution of an algebra of Heisenberg type with enter of dimension 3 given by
(2.5), we let φ : v+3 → v
−
3 be given by φ(u) = u. Then φ intertwines v
+
3 and v
−
3 as C(3)
+
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Proposition 5.8. (1) The C+(m)-intertwining operators of (v+m)
p
(resp. (v−m)
p
) are Id⊗RA
(resp. Id ⊗ LA) with A ∈ gl(p,H) and RA : (v
+
3 )
p → (v+3 )
p
(resp. LA : (v
−
3 )
p → (v−3 )
p
)
denotes the right (resp. left) ation, i.e. RXu = uX
t
(resp. LXu = Xu) with X ∈ gl(p,H).
(2) Let ϕ = K⊗s8 ⊗φ, then ϕ : v
+
m → v
−
m intertwines the ation of C
+(m) and the intertwining
operators between (v+m)
p
and (v−m)
p
(resp. (v−m)
p
and (v+m)
p
) are (Id⊗ LA)ϕ (resp. (Id⊗
RA)ϕ) with A ∈ gl(p,H).
Proof. (1) Let m = 8s + 3. For s = 0, the result follows by Shur's Lemma. For s = 1, let θ be
an intertwining operator of (v+m)
p
. We an write θ
∑
i αi ⊗ βi where βi : (v
+
3 )
p → (v+3 )
p
are linear
independent and αi : v
p
8 → v
p
8. Now, θ ommutes with C
+(8) ⊗ Id, therefore the αi's ommute
with the ation of C+(8). Thus, αi = aiId+ biK8 and
θ = Id⊗ (
∑
i
aiβi) +K8 ⊗ (
∑
biβi).
Sine θ ommutes with Id ⊗ C+(3),
∑
i aiβi = Rq and
∑
biβi = Rq′ for some q, q
′ ∈ H. Finally,
sine K8 anti-ommutes with j
′
i (f. Lemma 5.6) q
′
must be zero. The ase s > 1 is similar.
(2) It easy to see that ϕ ommutes with the ation of C+(m) and, therefore, that any intertwining
operator is omposition of ϕ with an operator from the rst part of the proposition.

Set
v(p+,p−)m := (v
+
m)
p+ ⊕ (v−m)
p− .
Reall that if m = 8s + 3,
(5.3) v(p+,p−)m = (v
⊗s
8 ⊗ v
+
3 )
p+ ⊕ (v⊗s8 ⊗ v
−
3 )
p− .
Corollary 5.9.
(5.4) EndC+(m)(v
(p,p)
m ) = {
(
Id⊗RA (Id⊗RC)ϕ
(Id⊗ LB)ϕ Id⊗ LD
)
: with A,B,C,D ∈ gl(p,H)},
where the bloks are with respet to the deomposition (5.3).
Remark 5.10. If we view (v+3 )
p
as a real spae with inner produt dened as in (2.5), then for
X ∈ gl(p,H) the transpose of RX : (v
+
3 )
p → (v+3 )
p
is RX∗ , where X
∗ = X
t
. In analogous way,
the transpose of LX : (v
−
3 )
p → (v−3 )
p
is LX∗ . Writing φ in a anonial basis, we see that it is
symmetri.
Lemma 5.11. For all A,B,C,D ∈ gl(p,H),
(1) φLA = RAφ and φRA = LAφ,
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(2)
(
Id⊗RA (Id⊗RC) = ϕ
(Id⊗ LB)ϕ Id⊗ LD
)
t
=
(
Id⊗RAt (Id⊗RBt)ϕ
(Id⊗ LC∗)ϕ Id⊗ LD∗
)
.
Proof. (1) This follows from Ax = x = A
t
and xA = A
t
x.
(2) If m = 3, we have
(
RA RCφ
LBφ LD =
)t
=
(
(RA)
t (LBφ)
t
= (RCφ)
t (LD)
t
)
.
Now, using Remark 5.10 and (1), we have (LBφ)
t = φt(LB)
t = φLB∗ = RBtφ. In analogous way
we have (RCφ)
t = LC∗φ. For m > 3 the result follows easily from the ase m = 3 and the fat
that ϕ = K⊗s8 ⊗ φ is symmetri. 
Remark 5.12. EndC+(3)(v
(p,p)
3 ) is an assoiative algebra isomorphi to gl(H, 2p), under the iso-
morphism Θ:(
RA RCφ
LBφ LD
)
7→
(
φ 0
0 Id
)(
RA RCφ
LBφ LD
)(
φ 0
0 Id
)
=
(
LA LC
LB LD
)
7→
(
A C
B D
)
.
Moreover, if U =
(
RA RCφ
LBφ LD
)
, then Θ(U t) = Θ(U)∗. From (5.4), it is lear that
EndC+(m)(v
(2p)
m ) is an assoiative algebra isomorphi to EndC+(3)(v
(p,p)
3 ), so we an view Θ as
an isomorphism Θ : EndC+(m)(v
(p,p)
m )→ gl(H, 2p).
Reall that the group Sp(p, q) is dened as
Sp(p, q) = {X ∈ GL(p+ q,H) : X∗Ip,qX = Ip,q},
where Ip,q =
(
Idp 0
0 −Idq
)
(see [K℄, p. 70).
Proposition 5.13 ([S℄). Θ denes an isomorphism
Auto(n
(p,p)
m )
∼= Sp(p, p).
More expliitly, (
Id⊗RA (Id⊗RC)ϕ
(Id⊗ LB)ϕ Id⊗ LD
)
∈ Auto(n
(2p)
m )
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if and only if
A∗A−B∗B = Id,(5.5)
C∗C −D∗D = −Id(5.6)
A∗C −B∗D = 0.(5.7)
Proof. By (2.2)
Auto(n
(p,p)
m ) = {U ∈ EndC+(m)(v
(2p)
m ) : U
tJiU = Ji, for some i = 1, . . . ,m}.
Moreover, sine m is odd, this is equivalent to
(5.8) Auto(n
(p,p)
m ) = {U ∈ EndC+(m)(v
(p,p)
m ) : U
tKmU = Km}.
Consider the real anonial basis 1, i, j, k of v±3 = H and {ei} be a basis of v
⊗s
8 , then {ei ⊗
1, ei ⊗ i, ei ⊗ j, ei ⊗ k} is a basis of v
±
m. With respet to this basis Km : v
(p,p)
m → v
(p,p)
m has
a matrix
(
Id
v
+
m
0
0 −Id
v
−
m
)
. Now, U ∈ Auto(n
(2p)
m ) if and only if U tKmU = Km if and only if
Θ(U tKmU) = Θ(Km) if and only if Θ(U)
∗Ip,pΘ(U) = Ip,p if and only if Θ(U) ∈ Sp(p, p). 
Let us reall by Proposition 4.3 that the braket in v±m = v
⊗s
8 ⊗ v
±
3 is given by:
[v1 ⊗ u1, v2 ⊗ u2] = [v1, v2]〈u1, u2〉+ 〈K
⊗s
8 v1, v2〉[u1, u2],
where v1, v2 ∈ v
⊗s
8 and u1, u2 ∈ v
±
3 .
Lemma 5.14.
L = spanR{v ⊗ u+ ϕ(v ⊗ u) : v ∈ v
⊗s
8 , u ∈ (v
+
3 )
p}
is a Lagrangian subspae.
Proof. Reall that ϕ = K⊗s8 ⊗ φ. Let v1, v2 ∈ v
⊗s
8 and u1, u2 ∈ (v
+
3 )
p
, then we have to see that
(5.9) [v1 ⊗ u1 +K
⊗s
8 v1 ⊗ φu1, v2 ⊗ u2 +K
⊗s
8 v2 ⊗ φu2] = 0.
First, using the fat thatK28 = 1, K
t
8 = K8 it is easy to see, by indution, that [K
⊗s
8 v1,K
⊗s
8 v2] =
−[v1, v2] and 〈v1,K
⊗s
8 v2〉 = 〈K
⊗s
8 v1, v2〉. Also [φu1, φu2]v− = −[u1, u2]v+ and 〈φu1, φu2〉 = 〈u1, u2〉
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(see (2.5) and (2.7)). Thus,
[v1⊗u1 +K
⊗s
8 v1 ⊗ φu1, v2 ⊗ u2 +K
⊗s
8 v2 ⊗ φu2] =
= [v1 ⊗ u1, v2 ⊗ u2] + [K
⊗s
8 v1 ⊗ φu1,K
⊗s
8 v2 ⊗ φu2]
= [v1 ⊗ u1, v2 ⊗ u2] + [K
⊗s
8 v1,K
⊗s
8 v2]〈φu1, φu2〉+ 〈(K
2
8 )
⊗sv1,K
⊗s
8 v2〉[φu1, φu2]
= [v1 ⊗ u1, v2 ⊗ u2]− [v1, v2]〈u1, u2〉 − 〈v1,K
⊗s
8 v2〉[u1, u2]
= [v1 ⊗ u1, v2 ⊗ u2]− [v1, v2]〈u1, u2〉 − 〈K
⊗s
8 v1, v2〉[u1, u2]
= 0,

Proposition 5.15. Let A,B,C,D ∈ gl(p,H), then
W = {
(
Id⊗RA (Id⊗RC)ϕ
(Id⊗ LB)ϕ Id⊗ LD
)(
v ⊗ u
ϕ(v ⊗ u) =
)
: v ∈ v⊗s8 , u ∈ (v
+
3 )
p},
is Lagrangian if and only if
(A+ C)∗(A+ C)− (B +D)∗(B +D) = 0.(5.10)
and A+C and B +D are non singular.
Proof. Every C+(m)-module is of the form:
W = {
(
Id⊗RA (Id⊗RC)ϕ
(Id⊗ LB)ϕ Id⊗ LD
)(
v ⊗ u
ϕ(v ⊗ u) =
)
: v ∈ v⊗s8 , u ∈ (v
+
3 )
p},
for some A,B,C,D ∈ gl(p,H). Now we impose that W be isotropi. First,(
Id⊗RA (Id⊗RC) = ϕ
(Id⊗ LB)ϕ Id⊗ LD
)(
v ⊗ u
ϕ(v ⊗ u)
)
=
(
v ⊗RA+Cu
(Id⊗ = LB+D)ϕ(v ⊗ u)
)
,
Then the braket of two elements of W is of the form:
[v1⊗RA+Cu1 + (Id⊗ LB+D)ϕ(v1 ⊗ u1), v2 ⊗RA+Cu2 + (Id⊗ LB+D)ϕ(v2 ⊗ u2)](*)
= [v1 ⊗RA+Cu1, v2 ⊗RA+Cu2] + [(Id⊗ LB+D)ϕ(v1 ⊗ u1), (Id ⊗ LB+D)ϕ(v2 ⊗ u2)].
Now,
[v1 ⊗RA+Cu1, v2 ⊗RA+Cu2] = [v1, v2]〈RA+Cu1, RA+Cu2〉+ 〈K
⊗s
8 v1, v2〉[RA+Cu1, RA+Cu2],
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and
[(Id⊗ LB+D)ϕ(v1 ⊗ u1), (Id ⊗ LB+D)ϕ(v2 ⊗ u2)]
= [K⊗s8 v1,K
⊗s
8 v2]〈LB+Dφu1, LB+Dφu2〉+ 〈(K
2
8 )
⊗sv1,K
⊗s
8 v2〉[LB+Dφu1, LB+Dφu2]
= −[v1, v2]〈LB+Dφu1, LB+Dφu2〉+ 〈K
⊗s
8 v1, v2〉[LB+Dφu1, LB+Dφu2]
= −[v1, v2]〈φRB+Du1, φRB+Du2〉+ 〈K
⊗s
8 v1, v2〉[φRB+Du1, φRB+Du2]
= −[v1, v2]〈RB+Du1, RB+Du2〉 − 〈K
⊗s
8 v1, v2〉[RB+Du1, RB+Du2].
The RHS of (*) is equal to
[v1, v2](〈RA+Cu1, RA+Cu2〉 − 〈RB+Du1, RB+Du2〉)
+ 〈K⊗s8 v1, v2〉([RA+Cu1, RA+Cu2]− [RB+Du1, RB+Du2]).
Varying v1, v2 we have that the the RHS of (*) is equal to 0 if and only if:
〈RA+Cu1, RA+Cu2〉 − 〈RB+Du1, RB+Du2〉 = 0(5.11)
[RA+Cu1, RA+Cu2]− [RB+Du1, RB+Du2] = 0,(5.12)
for all u1, u2 ∈ (v
+
3 )
p
. Thus, equations (2.5) and (2.7) imply the result. 
Proposition 5.16.
Lag(n(p,p)m )
∼= U(p,H)× U(p,H)/(U(p,H) × Id) = U(p,H)
Lag(n(p,q)m ) = ∅ p 6= q
Proof. If L is Lagrangian of v, then every element x in L is of the form
x =
(
Id⊗RA (Id⊗RC)ϕ
(Id⊗ LB)ϕ Id⊗ LD
)(
v ⊗ u
ϕ(v ⊗ u)
)
=
(
v ⊗RA+Cu
(Id⊗ LB+D)ϕ(v ⊗ u)
)
=
(
v ⊗ u′
(Id⊗ L(B+D)(A+C)−1ϕ(v ⊗ u
′)
)
= ψ
(
v ⊗ u′
ϕ(v ⊗ u′)
)
,
where ψ =
(
Id⊗ Id 0
0 Id⊗ LD′
)
, with D′ = (B +D)(A+C)−1. Sine D′ is unitary by equation
(5.10), ψ ∈ A(n
(p,p)
m ) ∼= U(p,H)× U(p,H). It is lear that the isotropy group is U(p,H)× Id. 
24 KAPLAN, LEVSTEIN, SAAL AND TIRABOSCHI
The ase m ≡ 4
Let vm = w+ ⊕ w− be the deomposition of the C(m)-module into the eigenspaes of Km of
eigenvalues ±1. Thus, vpm = w
p
+ ⊕w
p
−.
Lemma 5.17. Let L1 ⊂ w
p
+ be a C
+(m)-submodule and L⊥1 its orthogonal omplement in w
p
+.
Then,
(1) L = L1 + Jm(L
⊥
1 ) is a Lagrangian subspae of v
p
m.
(2) Every Lagrangian is of this form.
Proof. (1) It is lear that the dimension of L is 12 dim(v
p
m). As w
p
+ and w
p
− are isotropi, we must
only verify that [L1, Jm(L
⊥
1 )] = 0. This follows sine for every z ∈ zm we have:
〈z, [L1, Jm(L
⊥
1 )]〉 = 〈Jz(L1), Jm(L
⊥
1 )〉 = −〈JmJz(L1),L
⊥
1 〉 = −〈L1,L
⊥
1 〉 = 0.
(2) Let L be any Lagrangian, by Corollary 4.2, L is a C+(m)-module and it an be deomposed
as L = L1 ⊕ L−1 as eigenspaes of Km. Now,
〈Jm(L1),L−1〉 = 〈zm, [L1,L−1]〉 = 0.
Thus, L−1 ⊂ Jm(L1)
⊥ = Jm(L
⊥
1 ), therefore , by dimension, L−1 = Jm(L
⊥
1 ). 
Proposition 5.18. Auto(n
(p)
m ) has p+ 1 orbits in Lag(n
(p)
m ), of the form
U(p,H)/U(r,H) × U(p− r,H)
r = 0, . . . , p.
Proof. From the Lemma 5.17, every Lagrangian is determined by a C+(m)-module of wp+. Any
ψ ∈ Auto(n
(p)
m ) preserves w±. Furthermore, given any pair L1, L
′
1 of C
+(m)-submodules of wp+
of the same dimension there exists a non singular ψ ∈ EndC+(m)(w
p
+) suh that ψL1 = L
′
1.
Moreover, ψ may be taken orthogonal with respet to the inner produt. Indeed as ψ is non
singular and ψ∗ is also in EndC+(m)(w
p
+) we have that ξ = (ψψ
∗)−1/2ψ ∈ EndC+(m)(w
p
+) is
orthogonal and ξL1 = L
′
1. Now we extend ξ to an element of A(n
(p)
m ) as ξ(Jm(w)) = Jmξ(w) for
all w ∈ wp+. For eah i = 0, . . . , p, x L
(r)
1 any C
+(m)-submodule of wp+ of dimension r.dim(w+).
Then L(r) = L
(r)
1 + Jm((L
(r)
1 )
⊥), r = 0, . . . , p, are representatives of eah orbit. From [S℄, any
ξ ∈ Auto(n
(p)
m ) an be written as
(
A 0
0 (A∗)−1
)
, A ∈ Gl(p,H), with respet to any basis ompatible
with the deomposition w
p
+ ⊕ w
p
−. Thus, with this identiation, A(n
(p)
m ) ∼= U(p,H) ⊂ Gl(p,H)
and U(r,H)× U(p− r,H) is the isotropy subgroup of L(r). 
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The ase m ≡ 5
Consider the inlusion C(m − 1) →֒ C(m) via Ji 7→ Ji (i = 1, . . . ,m − 1). Then vm is an
irreduible C(m − 1)-module, so vpm = v
p
m−1. Denote by w
p
± ⊂ v
p
m the eigenspae of Km−1 of
eigenvalue ±1. Clearly, wp± is a C
+(m− 1)-module.
Lemma 5.19. L is a Lagrangian of n
(p)
m if and only if there exists a C+(m−1)-submodule L+ ⊂ w
p
+
suh that Jm(L+) = L
⊥
+, dim(L+) =
1
2 dimw
p
+ and L = L+ ⊕ Jm−1Jm(L+). Here L
⊥
+ is the
orthogonal omplement of L+ in w
p
+.
Proof. Any Lagrangian L in vpm is also a Lagrangian in v
p
m−1 and we have seen in setion 5, that
L = L+ ⊕ Jm−1(L
⊥
+), where L+ is a C
+(m − 1)-submodule of wp+. Now, Jm ommutes with
Km−1, so Jm preserves w
p
± and Jm(L+) ⊂ w
p
+. Sine L+ is isotropi, 〈Jm(L+),L+〉 = 0, thus
Jm(L+) = L
⊥
+ and w
p
+ = L+ ⊕ Jm(L+). Conversely, given L = L+ ⊕ Jm−1(L
⊥
+), it is lear that
〈zm, [L,L]〉 = 0, and this implies that L is Lagrangian. 
Remark 5.20. As dim(L+) =
1
2 dimw
p
+ and L+ is a C
+(m)-module, p is even and L+ is isomorphi
to w
p/2
+ as C
+(m)-module.
We see that there are no lagrangians in n
(p)
m unless p is even. Put
p = 2q
so q is arbitrary natural number.
Lemma 5.21. v
q
m−1 ⊗ v1 is isomorphi to v
2p
m as C(m)-modules.
Proof. v
q
m−1⊗v1 has an struture of C(m)-module given by Proposition 4.3. For q = 1 the results
follow by dimension. For q > 1, vqm−1 ⊗ v1 = (vm−1 ⊗ v1)
q = vpm. 
By Lemma 5.21, we an onsider nm = v
q
m−1 ⊗ v1 ⊕ z. Therefore, by Proposition 4.3, Jm :
v
q
m−1 ⊗ v1 → v
q
m−1 ⊗ v1 is given by Km−1 ⊗ j1.
Proposition 5.22. Let 1, i a basis of v1
(1) w
p
+ = w
q
+ ⊗ v1 is the eigenspae of Km−1 of eigenvalue 1.
(2) With L+ = w
q
+ ⊗ R1,
L = L+ ⊕ Jm−1Jm(L+)
is a Lagrangian of n.
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Proof. (1) The result follows sine Km−1 : v
q
m−1 ⊗ v1 → v
q
m−1 ⊗ v1 ats trivially on v1.
(2) Clearly L+ is a C
+(m − 1)-module and Jm = Km−1 ⊗ j1 sends L+ to (L+)
⊥ = wq+ ⊗ Ri.
Thus by Lemma 5.19 L = L+ ⊕ Jm−1Jm(L+) is a Lagrangian. 
Proposition 5.23.
Lag(n(2q)m )
∼= U(2q)/U(q,H)
Lag(n(2q+1)m ) = ∅
Proof. By Shur we have that EndC+(m−1)(w
2q
+ ) is equal to Gl(p,H). As w
2q
+ = (w
q
+⊗R1)⊕(w
q
+⊗
Ri) as C+(m − 1)-module, every C+(m − 1)-intertwining operator is of the form ξ =
(
A C
B D
)
where A,B,C,D ∈ Gl(q,H). Moreover, with respet to this deomposition Jm =
(
0 −Id
Id 0
)
. If
L1 be any Lagrangian of n, then L1 = L
+
1 ⊕Jm−1Jm(L
+
1 ), where L
+
1 = {
(
A C
B D
)(
w
0
)
: w ∈ L+}.
We an hoose B = −C, D = A and A∗A + C∗C = 1. Now, Jm(L
+
1 ) = (L
+
1 )
⊥
if and only if for
w, v ∈ L+ we have
0 = 〈Jm
(
A C
−C A =
)(
w
0
)
,
(
A C
= −C A
)(
v
0
)
〉
= 〈Jm
(
Aw
−Cw
)
,
(
= Av
−Cv
)
〉
= 〈
(
Cw
Aw
)
,
(
Av
−Cv
)
〉 = 〈(A∗C −C∗A)w, v〉.
Thus, Jm(L
+
1 ) = (L
+
1 )
⊥
if and only if A∗C − C∗A = 0.
On the other hand, we an extend ξ ∈ EndC+(m−1)(w
p
+) to an operator ξ˜ in EndC+(m)(v
2q
m )
ating on w
2q
− by v 7→ Jm−1JmξJmJm−1v. It is lear that ξ˜ ommutes with C
+(m). By (2.2), ξ˜ is
in Auto(n) if and only if
Jm = ξ
tJmξ =
(
A∗ −C∗
C∗ A∗
)(
0 −1
1 0
)(
A C
−C A
)
.
So ξ˜ is in Auto(n) if and only if ξ satises A
∗C = C∗A and A∗A+C∗C = 1. The isotropy subgroup
of L is given by C = 0 and thus A ∈ U(q,H). Sine, Auto(n
n
m)
∼= Gl(n,H) ∩ O(2n,C) and the
group of orthogonal automorphisms is U(n) (f. [R℄[S℄), we have that the variety of Lagrangians
is indeed U(2q)/U(q,H), and any Lagrangian is in Auto(n)L. 
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The ase m ≡ 6
The inlusions C(m− 2) ⊂ C(m− 1) ⊂ C(m) show that vm is an irreduible C(m− 2)-module
 hene v
p
m = v
p
m−1 = v
p
m−2. Denote by w
p
± ⊂ v
p
m the eigenspae of Km−2 of eigenvalue ±1. As
in the previous ase we have that any Lagrangian an be written as
L = L+ ⊕ Jm−1Jm−2(L+)
where L+ is a C
+(m− 2)-module.
Proposition 5.24. L is Lagrangian of vpm if and only if L is a Km-invariant Lagrangian of v
p
m−1.
Proof. Any Lagrangian of v
p
m is Lagrangian of v
p
m−1 and as it is C
+(m)-module is Km-
invariant. Conversely, let L be a Km-invariant Lagrangian of v
p
m−1. By Lemma 5.19, L =
L+ ⊕ Jm−2Jm−1(L+), where L+ is a C
+(m − 2)-module and Jm−1(L+) = (L+)
⊥
. Let's see
rst that Jm(L+) = (L+)
⊥
. Indeed, Km(L) = L and Km(w
p
±) = w
p
±, thus Km(L+) = L+.
On the other hand, Km−2(L+) = L+, Jm−1(L+) = (L+)
⊥
and JmJm−1 = KmKm−2 leaves
L+ invariant. So Jm(L+) = (L+)
⊥
. It is follows immediately that [L+,L+] = 0 and
[Jm−2Jm−1(L+), Jm−2Jm−1(L+)] = 0. As Jm(L+) = (L+)
⊥ ⊂ wp+ and w
p
+ ⊥ w
p
− we have
〈Jm(L+), Jm−2Jm−1(L+)〉 = 0. This implies that [L+, Jm−2Jm−1(L+)] = 0. 
Proposition 5.25.
Lag(n(2q)m )
∼= O(2q)/O(q) ×O(q)
Lag(n(2q+1)m ) = ∅
Proof. To ompute Auto(n), note that any irreduible C
+(m)-module has a omplex struture
given by Km. So, EndC+(m)(v) is isomorphi to Cp. By (2.2), Auto(n) ∼= O(p,C) = {ξ ∈ Cp :
ξtξ = Id}. Also, A(n) ∼= O(p). With respet to the deomposition
vpm = L ⊕ Jm(L)
we write ξ ∈ O(p) as
(
A B
C D
)
. Then the isotropy group of L is onstituted by the matries(
A 0
0 D
)
, with A,D ∈ O(q), thus the result follows. 
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The ase m ≡ 7
The rst part is idential to the ase dim(z) ≡ 3. Write v±m = v
⊗s
8 ⊗ v
±
7 , let φ : v
+
7 → v
−
7 be
given by φ(x) = x, where onjugation is otonioni, and dene ϕ = K⊗s8 ⊗ φ : v
+
m → v
−
m. We also
see that
n(p+,p−)m = ((v
+
m)
p+ ⊕ (v−m)
p− ⊕ zm
has a Lagrangian if and only if p+ = p−. Write as before
v(p,p)m = (v
+
m)
p ⊕ (v−m)
p, n(p,p)m = v
(2p)
m ⊕ zm.
Then
Proposition 5.26. (1)
EndC+(m)(v
(p,p)
m ) ≃ {
(
Id⊗A (Id⊗C)ϕ
(Id⊗B)ϕ Id⊗D
)
: with A,B,C,D ∈ gl(p,R)},
where the matries are written with respet to the above deomposition.
(2) Auto(n
(p,p)
m ) ∼= O(p, p) and A(n
p
m) ∼= O(p)×O(p).
(3) L = spanR{v ⊗ u+ ϕ(v ⊗ u) : v ∈ v
⊗s
8 , u ∈ (v
+
7 )
p} is a Lagrangian subspae.
(4) The group A(n
(p,p)
m ) ats transitively on the variety of Lagrangians subspaes.
Proof. (1) is proved as in Proposition 5.7. For (2) we notie rst that the spae of intertwining
operators of (v±7 )
p
is gl(p,R). The rest of the proof follows the lines of Proposition 5.8. (3) follows
as in Proposition 5.13, notiing that X∗ must be replaed by Xt. (4) is proved exatly as Lemma
5.14. (5) is proved along the lines of the propositions 5.15 and 5.16. 
Corollary 5.27.
Lag(n(p,p)m )
∼= O(p)×O(p)/(O(p) × Id) ∼= O(p)
Lag(n(p,q)m ) = ∅ (p 6= q)
The ase m ≡ 8
The argument parallels that of the ase m ≡ 4, exept that the last Proposition should be
replaed by
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Proposition 5.28. Auto(n
(p)
m ) has p+ 1 orbits in Lag(n
(p)
m ), of the form
O(p)/O(r)×O(p− r)
r = 0, . . . , p
Proof. From the Lemma 5.17, every Lagrangian is determined by a C+(m)-module of wp+. Any
ψ ∈ Auto(n
(p)
m ) preserves w±. Furthermore, given any pair L1, L
′
1 of C
+(m)-submodules of wp+
of the same dimension there exists a non singular ψ ∈ EndC+(m)(w
p
+) suh that ψL1 = L
′
1.
Moreover, ψ may be taken orthogonal with respet to the inner produt. Indeed as ψ is non
singular and ψ∗ is also in EndC+(m)(w
p
+) we have that ξ = (ψψ
∗)−1/2ψ ∈ EndC+(m)(w
p
+) is
orthogonal and ξL1 = L
′
1. Now we extend ξ to an element of A(n
(p)
m ) as ξ(Jm(w)) = Jmξ(w) for
all w ∈ wp+. For eah i = 0, . . . , p, x L
(r)
1 any C
+(m)-submodule of wp+ of dimension r.dim(w+).
Then L(r) = L
(r)
1 + Jm((L
(r)
1 )
⊥), r = 0, . . . , p, are representatives of eah orbit. From [S℄, any
ξ ∈ Auto(n
(p)
m ) an be written as
(
A 0
0 (A∗)−1
)
where A ∈ Gl(p,R), with respet to any basis
ompatible with the deomposition w
p
+ ⊕w
p
−. With this identiation A(n
(p)
m ) ∼= O(p) ⊂ Gl(p,R)
and O(r)×O(p− r) is the isotropy subgroup of L(r).

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